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Abstract 

, In this paper we describe the local Ricci and Bianchi identities for an h- 

normal A'^- linear connection DT{N) on the dual 1-jet space J^* (T, A/). To 
reach this aim, we firstly give the expressions of the local distinguished (d-) 
t~i . adapted components of torsion and curvature tensors produced by Dr{N), 

and then we analyze their attached local Ricci identities. The derived 
deflection d-tensor identities are also presented. Finally, we expose the 
local expressions of the Bianchi identities (in the particular case of an h- 
normal A'^- linear connection of Cartan type), which geometrically connect 
the local torsion and curvature d-tensors of the linear connection Dr{N). 

^ '. 2000 Mathematics Subject Classification: 53B40, 53C60, 53C07. 

I Key words and phrases: dual 1-jet spaces, nonlinear connections, /i-normal 

TV-linear connections of Cartan type, Ricci and Bianchi identities. 

1 Introduction 

According to Giver's opinion pT|, we consider that the 1-jet spaces and their 
duals are natural houses for the study of classical and quantum field theories. 
For such a reason, the differential geometry of 1-jet spaces was intensively stud- 
' ied, in a contravariant approach, by a lot of authors: Saunders [22 , Asanov [T], 

Neagu and Udri§te (see [18], [19], [20]), and many others. 

In the last decades, numerous physicists and geometers were preoccupied by 
the development of that so-called the covariant Hamiltonian geometry of phys- 
ical fields, which is a multi-parameter, or multi-time, extension of the classical 
Hamiltonian formulation from Mechanics. In such a perspective, we point out 
that the covariant Hamiltonian geometry of physical fields appears in the litera- 
ture of specialty in three distinct variants: (1) ► the multisymplectic geometry — 
developed by Gotay, Isenberg, Marsden, Montgomery and their co-workers (see 
[5', JW ) on a finite-dimensional multisymplectic phase space; (2) ► the polysym- 
plectic geometry — elaborated by Giachetta, Mangiarotti and Sardanashvily (see 
[6], [7]), which emphasizes the relations between the equations of first order La- 
grangian field theory on fiber bundles and the covariant Hamilton equations 
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on a finite-dimensional polysymplectic phase space; (3) ► the De Donder-Weyl 
Hamiltonian geometry — studied by Kanatchikov (see [10], [11], [12]) as opposed 
to the conventional field-theoretical Hamiltonian formalism, which requires the 
space -|- time decomposition and leads to the picture of a field as a mechanical 
system with infinitely degrees of freedom. 

From a geometrical point of view, following the ideas initially stated by 
Asanov [1], a multi-time Lagrange contravariant geometry on 1-jet spaces (in 
the sense of d-linear connections, d-torsions and d-curvatures) was recently de- 
veloped by Neagu and Udri§te in [TS], [H] and [5D]. This 1-jet geometrical 
theory is a natural multi-time extension of the classical Lagrangian geometry 
on tangent bundles, initiated and developed by Miron and Anastasiei [Tl] . 

On the other hand, suggested by the field theoretical extension of the ba- 
sic structures of classical Analytical Mechanics within the framework of the 
De Donder-Weyl covariant Hamiltonian formulation, the geometrical studies of 
Miron [T^ , Atanasiu [3] , [5] and others led to the development of the Hamilton 
geometry on cotangent bundles, which is synthesized in the book [TS]. Note that 
the Miron- Atanasiu Hamiltonian geometrical ideas from cotangent bundles rep- 
resent the point start for the development of the jet covariant Riemann-Hamilton 
geometry depending on polymomenta, which is presented in the Atanasiu- Neagu 
papers [1] and [S] . In this paper we are going on the jet multi-time Hamiltonian 
geometrical studies from [3] and [5]. 



2 Components of A^^-linear connections on dual 
1-jet bundle ji*(r,M) 



Let T and M be a temporal (resp. spatial) real, smooth manifold of dimension 
m (resp. n), whose coordinates are {t°')a=Trn^ respectively {x^)i^Yn- Note that, 
throughout this paper, the indices a, h, c, ... run from 1 to m, while the indices i, 
j, k, ... run from 1 to rt. The Einstein convention of summation is also adopted 
all over this work. 

Let J^*{T,M) be the dual 1-jet fibre bundle, whose coordinates {t°-,x^,pf) 
are induced from T and M . The coordinate transformations from the product 
manifold 7~x M produce on J^*{T,M) the following coordinate transforma- 
tions: 



where det {df/dt'') ^ and det {dx'/dx^) ^ 0. 

Definition 2.1 A pair of local functions on E* — J^*{'T,M), denoted by 



r = r {f 



b 



(x-') , pf 





whose local components obey the transformation rules 



'{0)^St^ i^^'^^6t^dxi 9t°' 
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~ (b) dx^ (c) (5? dx^ ap* 



dx^ ' 



?s called a nonlinear connection on E* . The components nI^-^i, (resp. N(^i^j) 



are 



called the temporal (resp. spatial) components of N. 



Example 2.2 Let hab {t^) (resp. tp^j [x'^^) be a semi-Riemannian metric on 
the temporal manifold T (resp. spatial manifold M). Taking into account the 
local transformation rules of the Christoffel symbols xtc (^) (^'"esp- r*^^- {x)) of the 
metrics hab {t) (resp. ip^j (x) ), then the pair of local functions 

No = I A'wb, N(^,)j 



where 

N{^)b- XbcPt ' N --l^.p^, 



represents a nonlinear connection on E* . This is called the canonical nonli- 
near connection attached to the metrics hab{t) and ip^j{x). 

In what follows, we fix a nonlinear connection on E* , and we consider the 
adapted bases of the nonlinear connection N, defined by 



S S d 
' Sx' ' dp"} 



where 



CX{E*), {dt'',dx\Spf} CX*{E*), (2.1) 



_ /V A 



s 


d 


6t^ 




S 


d 


Sx"^ 


dx' 


5pt 


= dpf- 



N 

2 



(6) _d_ 
dpV 



0)' 



Nl-pt^' + Nl-^dx^. 



It is important to note that the transformation rules of the elements of the 
adapted bases (|2.ip are tensorial ones: 



6 _ S 5 _ di^ 5 d _ dx' d 

St^ 'WsP'' Sx" ~ 'dx^'SiJ' dpf~Wdi^d^/ 

Bt°- Br'- 8t°- Bt^ 

dt- ^%dt\ dx^ = ^di^ , Sp- ='^^5p). 
dt^ 3x3 dt^ 3x^ ' 



(2.2) 



Remark 2.3 The simple tensorial transformation rules 12. ^) of the adapted 
bases \2.1\) determined us to describe in what follows all geometrical objects on 
the dual 1-jet space J^*{T,M) in adapted local components. 

In order to develop the geometrical theory of iV-linear connections on the 
dual 1-jet space E* , we need the following result: 
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Proposition 2.4 (i) The Lie algebra X (E*) of vector fields decomposes as 
X {E*) = X {Ut) e X [Um) ®X{V), 

where 

A'(7^r)=Span|A|, A'(HM)=Span|A|, ^ (v) =Span | A | . 

(ii) The Lie algebra X* (E*) of covector fields decomposes as 
X* {E*) = X* {Ur) e X* {Um) e X* (V) , 

where 

A"* (•Hr)=Span{dt°}, A"* (^m) =Span {da;*} , A* (V) =Span {Jp^} . 

Let us consider that hq-, /im (horizontal) and v (vertical) are the canonical 
projections of the above decompositions. In this context, we introduce the 
following geometrical concept: 

Definition 2.5 A linear connection D : X (E*) x X (E*) X (E*) is called an 
N -linear connection on E* if and only if Dhj- = 0, DhM = and Dv = 0. 

It is obvious that the local description of the iV-linear connection D on E* 
is accomplished by nine unique adapted components 



^6(c) ' S(c)' ^w(6)(c) ; 



(2.3) 



which are locally defined by the relations: 

D , — - A"" — D . — - A' — D . —= -^(")(^") A 
±_ dt>> St''' ±_ 5xi 5x^ ' ±_ dp''- ('^(''^'^ dpi ' 

St" St" St" ^ 

_Lst'' ~ "''st-'^sxi' ^Hx'' _Ldp]~ ^mb)kgpa^ 

Sx^ Sx'^ Sx'^ 

n A - r°wA n , J__f-Mk)J_ r, , ^ _ /^(«)0)(fc) ^ 
A Stb ~ ''(^) St<^ ' A <5xJ' " '^"^ Sxi ' A ~ ^ii)0)(c) Qpa ■ 
dpl dpi dpi 

Example 2.6 Let Nq = ^N^i^\, be the canonical nonlinear connection 

produced by the semi-Riemannian metrics {hab,^ij)- Taking into account the 
transformation rules of the Christoffel symbols Xbc ^^"^ ^jk' ^ocal computa- 
tions, we can show that the local components 

BTiNo) = (xl, 0, -4)?^, 0, rj,, -if{J(if„ 0, 0, o) 



4 



whe 



W(6)fc 



6 ife' 



verify the transformation rules of the components of an N -linear connection (for 
more details, see [5] j. Consequently, BT {Nq) is an Ng-linear connection on E* , 
which is called the Berwald connection of the metric pair (^hab, 'fiij) ■ 



Now, let Dr{N) be an A^-linear connection on E* , locally defined by (|2.3p . 
The linear connection Dr{N) induces a linear connection on the set of d-tensors 
on the dual 1-jet fibre bundle E* = J^* (7", M) , in a natural way. Thus, starting 
with a d-vector field X and a d-tensor field T, locally expressed by 



X 



St<^ 



X 



T = T 



ai{k){d).. 



cj{b)il)... g^a ^ §^ 

we can define the covariant derivative 



S _ 6 _ _d 
dpi 



O 7—7 ® dt" (8) dx^ ® 

X^a X^t ^ K 



DxT^X^D g T 

5t9 



X'D g T 



= 1 



X9T 



mid). 



c](b)(l).../g 



X^T 



Sx'' 

l(k)(d).. 



x^^Jd q t 



I y{g)rpai{k){d). 
+^(s)-^cj{b){l)... 



1(9)/ St- 



cj{b)il)...\, 

Sx^ dpf 



dps 



1 dt" ® dx^ ®6p\® . 



where 



• the T -horizontal covariant derivative oi DT{N): 

i(k){d)... 



(hr) 



T 



iik)(d)... _ °^cj(b)(l) 



cj{b)(l).../g 

.rpar{k){d)... .i 
+^cj(6)(i)... ^rg 

_rpai(k){d)... .f 
3(b)(1)... ^cg 



St9 



rpfi(k)(d)... .a I 
^c](b)(l)... + 



T 



~ai(r)(d)... .(f)(k) 
cj(f)(l)... ^(r)(b)g 



r 



t(k)(d). 

-(b)(1)... 



■A 



39 



T 



"(fe)(/)...^(rf)(r) 



C3(b)(r). 



(i)(f)g 



the M -horizontal covariant derivative of DT(N): 



s-rpai(k)(d). 
j,ai(k)(d)... _ "-^cj (h)(1)... 
'ci(b)(O...M " 



IT 



r(k)(d). 



C3(b)(l). 



-T 



'.i(k)(d). 



fi(b){l)- 



■ Tji 



5x^ 



rpfi(k)(d)... 
' -^C3{b)(l)... ^fs- 



Mr)(d)...^(f)(k) 



C3(f)(l)... ^\r)(b)s 



T' 



.i(k)(d). 
r{b){l)... 



h: 



T 



Mk)(f)...jj(d)(r 



3S ^C3(b)(r). 



(mf> 



5 



the vertical covariant derivative of DT{N): 



T 



:ai{k){d) ... I (s) 



cj{b){l) 



(9) 



'^^cj (b)(1)... 

dpi 



rpfi(k)(d)...^a(s) 
- ^cj(b)(l)... ^f(g)- 



_rpar(k)(d)...^i(s) rpai(r)(d)... ^(f)(k)(s) 
--^cj(b)(l)... ^r(g) + ^cj(f)il)... ^(r)(b)(g) 



_rpai(k)(d)... i^f(s) 
-^f'j(b)(l)... ^c(g) 



rpai(k)(d)... ^r(s) _ rpai(k)(f)... ^(d)(r)(s) 
^cr(b){l)... S(9) ^cj(b)(r)... ^ (l)(f)(g) 



Remark 2.7 IfT^Yisa d- vector field on E*, locally expressed by 

Aa) d 



Y,' 



- (i) QpO. ' 

then the following expressions of the local covariant derivatives hold good: 



{hr) 



5Y°- 



Y 



5t^ 
5Y^ 



Y^A'-- 



Y^ — 
\k g^k 



Yb fja 
^ ^bk^ 



{hA-i) < 



Y] 



^(i}/c - 



SY' 
Sx'^ 



Y^H 



^(i)\k - 



SY, 



(a) 



Sx^ 



V(b) TTia)ij) 



Y 



iv) { 



Y 



'f'^) dpi 
_ dY^ 



^ ^b(c) ' 



Y, 



(c) dpi 
(a).(k) _ 



vjr'^ik) 



(t) 1(c) 



dpi 



v(b) r<i''){mk) 



3 Components of /i-normal A^-linear connections 
on dual 1-jet spaces 

Because the number of components which characterize an A'^-hnear connection 
on E* is big one (nine local components), we are constrained to study only a 
particular class of A^-linear connections on E* , which must be characterized by 
a reduced number of components. In this direction, let us fix on the temporal 
manifold T a semi-Riemannian metric hab, together with its Christoffel symbols 
Xhc- Let JJ be the h-normalization d-tens or field on i?*, locally expressed by [5] 



I ^ J^^^^^Sp^ dt" dx^ , 



where J(l^-^i,j — habS)- In this context, we introduce the following geometrical 
concept: 
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Definition 3.1 An N-linear connection DT{N) on E* , whose local components 
112. 3\) verify the relations 

is called an h-normal N-linear connection on the dual 1 -jet fibre bundle E* . 

Theorem 3.2 The adapted components of an h-normal N-linear connection 
DT{N) verify the following identities: 

'^{i){b)c ^ "b^ic "iXbc^ ^{i)(b)k — "bJ^iky \'^-^) 
- '^b'-^^(c) ■ 

Proof. It is obvious that the first three relations come immediately from the def- 
inition of an /i-normal iV-linear connection. To prove the other three relations, 
we emphasize that, taking into account the definition of the local 7~-horizontal 
("/g"), M-horizontal (",,") and vertical ("ij^j") 

covariant derivatives produced 
by Dr(N), the condition Z3J = is equivalent to 

Consequently, the condition I?J = provides the local identities 



c ; ' 



Contracting now the above relations by /i'"^, we obtain the last required identities 
from (O). ■ 



Remark 3.3 The above theorem says us that an h-normal N-linear connec- 
tion on E* is an N-linear connection determined by four effective components 
(instead of nine in the general case): 



DT 



(N) = (xl, ^c, Hj„ Cf^ 



The other five components either vanish or are provided by the relations S3.1\) . 
Consequently, we can assert that the Berwald N^-linear connection associated 
to the pair of metrics (^hab,'Pij) is an h-normal No-linear connection on E* , 
whose four effective components are 

Br{No) = {xtc: 0, r}„ 0). 
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4 Adapted components of torsion and curvature 
tensors 



The study of the adapted components of the torsion and curvature tensors of an 
arbitrary A^-hnear connection Dr{N) on E* was done in [5]. In that context, 
one proves that the torsion tensor T is determined by twelve effective local 
adapted d-tensors, while the curvature tensor R is determined by eighteen local 
adapted d-tensors. In what follows, we study the adapted components of the 
torsion and curvature tensors for an /i- normal A^- linear connection DT{N). 



Theorem 4.1 The torsion tensorT of an h-normal N -linear connection DT [N) 
is determined by nine effective local adapted d-tensors (instead of twelve in the 
general case): 





hT 


hM 


V 


hxhr 








^{r)ab 


hnhr 







(r)a] 


vHt 








pin U) 


h]\fhM 





ij 




vHm 





prU) 


pU) U) 


vv 








c.(/)(»)0) 



(4.1) 



where 



t: 



HI 



ttt 



P 



'■(j) 
(6) 



c. 



(b) ' 



(r)a(6) 



dNtr)a 



dp' 



E 



(/) U) _ 2 ^'^>' 



(r)i(b) 



dp) 



"b^ri 



R 



if) _ 

{r)ab 



SN 



if) 

(r)a 



SN 



if) 

(T)b 



Stb 



5t^ 



R 



if) 

(r)aj 



SN 



if) 
{r}a 



6N 



if) 



5x1 



St^ 



R 



if) 

(r)ij 



6N, 



if) 
(r)i 



6x3 



X AT f^') 
ir)j 

Sx"^ 



S 



if)ii)ij) 
(r)(a)(6) 



(sic 



rib) 



b r{a) 



Proof. Particularizing the general local expressions from [S], which generally 
give those twelve d-components of the torsion tensor of an A'^-linear connection, 
an /i- normal A''- linear connection DT{N), we deduce that the adapted compo- 



nents T;^^, T^. and P, 
from theorem, i 



a(k) 
b{c) 



vanish, while the other nine are given by the formulas 



Remark 4.2 All torsion d-tensors of the Berwald h-normal No-linear connec- 
tion BT (Nq) (associated to the metrics hab and Lp^j) are zero, except 



R 



if) 

{r)ah 



XgabPr^ 



R 



if) 

{r)ij 
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where Xgati^) T'^esp. TZ^^j{x)) are the local curvature tensors of the semi-Rie- 
mannian metric hab (resp. ^ij)- 

Theorem 4.3 The curvature tensor M of an h-normal N-linear connection 
DT{N) is characterized by seven effective adapted local d-tensors (instead of 
eighteen in the general case): 





hr 


Hm 


V 


h'j-hj- 


^abc 




p{rf){i) _ H d sd r/i 
^^(l)(a)bc - °lXabc - °a^lbc 


hhihr 





p; 

^ibk 


r>{d)(i) _ cd pi 
^(l){a)bk - "a^lbk 


whj- 





pi (fc) 
^ib{c) 


p(d)(i) (k) _ .dpi (k) 
^{l){a)b{c) ^ "aUb{c) 


huhM 





p; 


p(d.){i) _ cdpi 
^il)(a)jk - "a^ljk 


whu 





pi (fe) 


p(d)(i) (k) _ .dpi (fe) 


WW 





Mm 


^(l)(a)(b)(c) - '^a^l(b)(c) 



(4.2) 



where 
R 



R\b. 



abc ' ^abc 



5xtb sx: 



St'' 



R 



5A, 



'ibk 



5x^ 



St" 

St^ 

5H\k 
St'' 



St'' 



Ai 



XabXfc 



^Ic^^rb 



rl(r) p(/) 
^i(f)^{r)bc^ 



"^ib^rk 



^ik'^rb 



I (fe) _ 54fc 



ifc(c) 



^IJk - 



p: 



I (fc) 



dpi 
Sx'^ 



r'lir) pif) (fe) 

^z{f)Ur)bic) ' 



SH , 



Sx3 



^tk^Tj 



r<i(^) pif) 

^i(f)^(r)bk^ 



^iU)^(r)ik^ 



s: 



«i(c) 

lU)ik) 



dpi 
dpi 



c: 



«(c)li 



fir^iik) 

^^»(c) 

dp": 



r^r{j)^l(k) 
^i(b) ^r(c) 



l^r{k)^l(j) 
^i(c) ^r(b)- 



Proof. The general formulas that express the local curvature d-tensors of an 
arbitrary A^-linear connection (for more details, see [50 j applied to the particular 
case of an /i-normal A^-linear connection DV{N), imply the above formulas and 
the relations from the Table (|4.2p . ■ 

Remark 4.4 In the case of the Berwald h-normal No-linear connection BT{Nq) 
(associated to the pair of metrics (^hab,^ij) ), all curvature d-tensors are zero, 
except 



R. 



d 

abc 



Xabo 



R\ 



(dm 

{l){a)bc 



"iXabc^ 



pi 



'^ijk 



R 



{dm 

(i)(a)jk 



^aT^ijk^ 
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where Xgati^) T'^esp. TZ^^j{x)) are the local curvature tensors of the semi-Rie- 
mannian metric hab (resp. ^ij)- 

5 Local Ricci identities. Non-metrical deflec- 
tion d-tensor identities 

Let us consider now the following more particular geometrical concept: 
Definition 5.1 An h-normal N-linear connection, whose local components 
CDTiN) = (^xl, A],, H}„ , 

verify the relations 

is called an h-normal N-linear connection of Cartan type or a CDr{N)- 
linear connection on E* = J^* {T,M). 

Remark 5.2 The torsion tensor T of an h-normal N -linear connection of Car- 
tan type CDT(N) is characterized only by eight adapted local d-tensors because 
the torsion components Tji. = i/j^, — H^j from the Table (^T7p ^'"^ vanishing. 

Example 5.3 Taking into account that the Christoffel symbols r*j,(a;) of the 
spatial metric (p^{x) are symmetric, it follows that the Berwald h-normal No- 
linear connection BT{Nq) is of Cartan type. 

Theorem 5.4 The following local Ricci identities for a CDT{N)-linear con- 
nection are true: 

• the hf -Ricci identities: 

~V'a -va -yf^.a r?C/) 

^/b/c - ^/c/b - ^^fbc - ^ l(/)^(r)6c' 

(r) 

^/b\k ^\k/b ~ ^[r-^bk ^ \{f)^(r)bk^ 

ya ya yo.\ 

^\i\k ^\k\3 - ^ Kf)"-(r)]k^ 

ya |(fe) _ ya\(k) _ _ya\('r) pif) (k) 
^/b\{c) ^ \{c)/b - ^ \{f)-^{r)b(c) ' 

ya |(fe) _ ya\{k) _ _ ya^^ik) _ vaAr) pif) W 
^ 1(b) !(c) ^ 1(c) 1(b) - ^ l(/)'^W(b)(c) ' 
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• the hM~Ricci identities: 



~ - ^ ^rbc-^ \U)^(r)bc' 

I (ft) _ yiiC^) — y^'P* ('^^ _ Y'iK'') p(-^) ('^^ 

^/b\(c) ^ \(c)/b - ^ ^rb(c) ^ Kf) {r)Hc) ' 

yi |(fe) _ yi\{k) _ \-rp« (*:) _ yi r'^ik) _ T^i|(r) p(/) (fe) 

^ 1(b) 1(c) ^ 1(c) 1(6)-^ r(6)(c) ^ K/)'^('-)(6)(c) ' 



• </ie v-Ricci identities: 



y{a) _ yia) _ y{a)T3r _ y(f)^a _ y(o) Kr) d(/) 
{i)/b/c ^{i)/c/b~ ^{r)^ibc ^{i)X.fbc ^ (i) \{f)-^(r)bc' 

y(a) _ y(a.) _ y(a.) T^r _ y(a) rpr _ y(a.)i{r)r,if) 
^(i)/b\k ^{i)\k/b - ^{r)^ibk ^{i)\r-^bk ^ (i) \ {f)^{r)bk^ 

y{a) _ yia) _ y(a) nr _ ■^(a) i(r) p(/) 
^(i)b|fe ^{i)\k\j - ^{r)^ijk ^(i) l(/)-«(r)jfc' 

y(<^} |(fe) _ y(a)|(fe) _ y{o.)pr (k) _ y(a)|(r) „(/) (fc) 
^(i)/b\(c) ^{i) \{c)/b - ^ir)^ib(c) ^(i) l(/)^(r)fc(c) ' 

Y-(a) |(fe) _ y(a)|(ft) _ yia) pr (k) _ ^(a) ^r(fe) _ Y-(a)|(r) p(/) (fe) 
^(i)bl(c) ^(i) l(c)|j - ^(r)-^ij(c) ^(i)|rS-(c) ^(i) k/)-^(Oj(c), 

y(a)|(j)|(fc) _ ^("^iC^)!^^) - y(«)o''(j)(fe) _ y{a)\(r) oif)U)ik) 
^(i) 1(6) 1(c) ^(i) 1(c) 1(6) - ^(r) ^i(b){c) ^(i) l(/)'='(r)(6)(c) ' 



where 



St" Sx' (*) 



is an arbitrary d-vector field on the dual 1-jet space E* = J^*{T,M). 

Proof. Let (Ya) and (w^), where A e {a,*, (J}, be on iJ* = J^*{T,M) the 

dual bases adapted to the nonhnear connection N, and let X = X^Yp be a 
d-vector field on E* . In this context, using the following true equalities (applied 
for a (7£'r(A^)-linear connection D): 

1. DycYb = T^cYf, 

2. [Yb,Yc]=R^cYf, 
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3. T{Yc,Yb) = TgpFj. = {V^sc - ^CB - R^b}Yf, 

4. R{Yc,Yb)Ya = KbcYf, 

5. Dvci^^ = -Tf(jUJ^, 

6. [R{Yc,YB)X](g,uj^ (g>ij^ = {DycDysX- 
-Dy^DycX - D^YcYb]^} (^^^ 

by a direct calculation, we find that 

^^■.C ~ ^^-.B = ^'^^FBC ^ ^fp^BC (5-1) 

U)r 
ib) 



where represents one from the local covariant derivatives "/t" , " |j" or " l^"'-'" 



produced by the /i- normal A^-linear connection of Cartan type CDr{N). 
Taking into account in (|5.ip that the indices A, B,C, . . . belong to the set 



and using the particular features of an /i-normal A'^-linear connection of Cartan 
type CDT(N) (i.e., the torsion d-components 7*^. are zero; we have the curvature 
relations from the Table (14.2^ ). by complicated computations, we find what we 
were looking for (see also the Table (|4.1I) '). ■ 

In order to find an interesting application of the preceding Ricci identities, 
let us consider the canonical Liouville-Hamilton d-tensor field of polymomenta 
on E* = J^*{T, M), which is given by 

In this context, for an /i-normal A^-linear connection of Cartan type CDT{N), 
we can construct the non-metrical deflection d-tensors, setting 

^{i)b-i^i/b^ '^(i)(b) -ft 1(6)' 

where "/&", and are the local covariant derivatives produced by 

CDT{N). 

By direct local computations, we deduce that the non-metrical deflection 
d-tensors of CDr{N) have the expressions: 

Applying now the preceding (w)-set of Ricci identities (attached to an h- 
normal A^-linear connection of Cartan type) to the components of the canonical 
Liouville-Hamilton d- vector field of polymomenta, we get 
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Corollary 5.5 The following the deflection d-tensor identities, associated 
to an h-normal N-linear connection of Cartan type, are true: 

{i)b/c '^(i)c/b ~ fr^ihc PiXfbc ^ (i){f) -^{r)bc 
a(°) _ a(°) —r,aj}r _ a('^) T^r _ ,n(a)('') p(/) 



A (a) _ a(^) — -nafi"- _ ,9(")('")7?(/) 
^(i)j\k ^iz)k\j - Pr^ijk ^{i)if)^ir)jk 

A (a) |(fe) _ ,9(a)(*=) _ „a pr (k) _ ,(a)(r) „(/) (k) 
"W(b) 1(c) ^W(c) 1(b) -Pr'3^(6)(c) ^(«)(/)'=(r)(b)(c) " 



(5.2) 



Remark 5.6 The deflection d-tensor identities h5.2]} will he used in the near 
future for the construction of the geometrical Maxwell equations that will 
govern the abstract multi-time geometrical " electromagnetism" produced by a 
quadratic Hamiltonian depending on polymomenta (this is our work in progress). 

6 The local Bianchi identities of the CDr{N)- 
connections on the dual jet bundle J^*{T,M) 

From the general theory of linear connections on a vector bundle, one knows 
that the torsions T and curvature M of a connection D on the dual 1-jet space 
E* = J^*{T,M) are not independent. In other words, they are interrelated by 
the following general Bianchi identities (for any X,Y, Z,U X (E*)): 

E {{DxT) (y, Z) - R{X, Y)Z + T (T(X, Y),Z)} = 0, 

{X,Y,Z] 

E (i?xM)(r,z,[/) + R(T(x,y),z)c/ = o, 

{X,Y,Z] 

where Sjx.y.z} means a cyclic sum. Obviously, working with a CL'r(A^)-linear 
connection and the local adapted basis of d- vector fields {Xa) C X (E*) (asso- 
ciated to the given nonlinear connection N on E*), the above Bianchi identities 
are locally described by the equalities: 

S {^ABC ^^AB:C ^^AB^Cg} 
{A,B,C} 

(6.1) 

J2 {^DAB-.C + ^AB^DCg} = 
{A,B,C} 

where R{Xa,Xb)Xc = R^ba^d, T{Xa,Xb) = ^Ea^d, and ":c" represents 
one from the local covariant derivatives "/a", or "||^''-)" of the CDT{N)- 
linear connection D (for similar details, see the works [M], [15] and [17]). Con- 
sequently, we find: 
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Theorem 6.1 The following thirty effective local Bianchi identities for an 
h-normal N -linear connection of Cartan type CDT{N) are true on the dual 1-jet 
space E* = J^*{T,M): 

• the first set: 

2. •A.{a,b} {^"ir^bfc - ^ife/b} = ^kab ~ ^kU)-^[i)ab^ 

4- T,{i,j,k} {^k{f)^{i)ij - ^ijk} = 0' 

• the second set: 

r , p{d) (r)p(/) 1 „ 

0- 2^{a,b,c} \^il)ab/c + UlMf) ^(r)afe/ ^ ^' 

O- -^{a,6} 'j_-«'(;)afe/fe "I" ^(l)b(f) ^(r)ak ^(l)br ak j " 

~ -^(Z)a5|fe ^ (l)k(J) ^^(r)ab' 
'■ -^UM \^{l)aj\k ^{l)k{f) ^{r)aj ^{l)kr-^ aj f " 

- ^(Oifc/a ^{l)a{f) ^(r)jk^ 
n r p(d) (r) \ _ ^ 

°- 2^{i,j,k} \^ii)ij\k + -"Wij/ - 

• f/ie i/iirrf set: 

-'afel(e) W(e)-'ofc T" -^feo(e) "I" '^fe(e)/a '^fe(/)-^(r)a(e) "I" *-^fe(e) " 



• the fourth set: 



11/1 / p(d) (p) , pCd) ('■) p(/) (p) \ _ 

ii- -^{aM Y{lMe)/b^ Umf) {r)aie) / " 
_ p(d) |(P) , p(d)(p) , q(d){p){r) j^U) 
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_ |(P) , n.(d)(p) , o(d)(p)Wn(/) , ^''(p) _ 7^,- p(d) (p) 

~ -^(Oafcl(e) ^{l)ie)ak + '^(/)(e)(/) -^(r)afe ^'(l)ar'^ k(e) ^ak^(l)r(e) 

_ |(p) , n(<i)(p) , o(rf)(p)Wn(/) 

t/ie ^/t/i set: 
</ie sixth set: 

__qid)U)ik) _ o(/)(j)(fc)p(d) (r) 
- '^(0(6)(c)/o '^(r)(6)(c) ^(Z)o(/) ' 



\(6)'(c) J 



ifi J I p(d) (i)|(fc) , pif) (i) cWWM _ pid){j) (k) 

ID. .Aro) 1(c) +^(r)i(6) '='(0(c)(/) ' 



_-oKi)p(d) _ _ qif)Ump(d) (r) 

•^iCb) ^(Or(c) / - ^{l)mc)\i '^(r)(5)(c) ' 

the seventh set: 
t/ie ei^/ii set: 

18- I]{a,6,c} Xeafe/c = 0) 
20. XLI(C) =0' 

21- S{a,6,c} {-^pa6/c + -^(rjab-'^pc(/) } = 0, 

99 4 . , / M P' (''^ J-Tr rI \ — R' p(-'') p' 

-^{a,6} ^-ftpafc/fe ^{r)akpb{f) ak^pbr j — ^pab\k + ^{r)abpk{f)' 
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24- E{ij,fe} {^TOlfe + -^(r)\j-Ppfe(/) } = 0' 

• f/ie nineth set: 

OK A fp'ip) , p(/) (p) p' (0 1 _ p/ |(p),p(/) cKp)('-) 

^O- -^{a.b} ]^^ia{e)/b ^(r)a(e) ib{f) j " -""iafcl(e) -"■(r)ab'''i(e)(/) ' 



26. A 



27. A 



, , / p' (p) I p(/) (p) p' \ _ 

{a,fe} |-f^ja(e)|fc + (r)a(e) ife(/) J ~ 
p/ |(P) I p(/) cHp)('') I /-''■(P) p/ _ T^r p' (P) 

/ p' (P) I p(/) (P) p' (»-) I /-'''(P) P' \ — 
UM \^ij(e)\k + ^(r)j(e) ^ik(f) + SX^) ^^fe'- / ~ 



— pi |(p) I p(/) cHp)('-) 



the tenth set: 



I- 0)|(fe) , p(/) O)^^*;)^! 



28. Acu, ,,n \ p:m \ : +P!^. ^ s: 



iw^w} I P«W'W M-^W p(c)(/)i 

_ .c-'OOCi:) _ q{f)U)ik)pl (r) 
- ^p{b)(c)/a ^(r)(b)(c)^paU)' 

OQ A fp'' I p(/) U)qm(r) _^rU)pl (k)' 

_ _qium _ c.(/)0)(fe) pi w 



f/ie eleventh set: 



on fc'WO) |(fe) , cWWO) o'(fe)(/)\ _ n 

^{[IVwHc,'} I pWw'm +'^(/)(a)W^pMW/ 

where, if {A, B,C} are indices of type |a, z,!"^'!, ^^en ^ repre- 
sents a cyclic sum, and A^^a.b} represents an alternate sum. 

Proof. Taking into account that the indices A, B, C, D... are of type 

and the torsion and curvature K^^^ adapted components are given in the 
Tables l|4.ip and (|4.2p . after laborious local computations, the formulas (|6.ip 
imply the required Bianchi identities. ■ 



16 



Remark 6.2 We point out that, in the particular single-time case 



(T, h) = {R,S = l), 

the last identity of our each set of local Bianchi identities reduces to one of the 
classical eleven Bianchi identities that characterize the N -linear connections in 
the classical Hamilton geometry on cotangent bundles (see |15j ). 

Acknowledgements. The authors of this paper would hke to express their 
sincere gratitude to Professor Gh. Atanasiu for his suggestions and useful dis- 
cussions on this research topic. 
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